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Abstract−Frequency response behavior of the constant molar flow semi-batch adsorption vessel containing core-
shell composites is theoretically investigated. The periodic modulation of the inlet molar flow-rate into the vessel is
considered as the forcing function to the response. Under the interaction between the core-phase and the shell-phase
of the composite, both the response of the core-phase and the response of the shell-phase subject to the forcing function
exhibit their own peaks on the out-of-phase characteristic curve and their own plateaus on the in-phase characteristic
curve, respectively. The model to be developed will include the local linear equilibriums at the fluid-particle interface
and at the intraparticle core-shell interface, the external diffusion, the intraparticle diffusion in the outer shell-phase,
and the intraparticle diffusion in the inner core-phase.
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INTRODUCTION

In the frequency response (FR) technique for the study of the ad-
sorption equilibrium and dynamics, the system is perturbed about
an equilibrium state by periodic variation of some system vari-
ables, and then the responses of the system variables forced by the
variation are investigated to characterize the system. As the forcing
function to FR, a periodic modulation of the reservoir volume of a
batch system was originally considered [1-7]. More recently, a peri-
odic modulation of inlet flow concentration [8] and a periodic modu-
lation of inlet molar flow-rate [9-12] of a flow system were con-
sidered as the forcing function. With the modulation of inlet molar
flow-rate in a flow system, large perturbation of forcing function
can be allowed for better measurements of system variables under
the linear limitation of the FR technique. Since the in-phase (IP) and
the out-of-phase (OP) characteristic functions of FR for the modu-
lation of inlet molar flow-rate have the same functional dependence
of system variables as those for modulation of the reservoir vol-
ume [9,10], the theoretical analyses of FRs subject to the two dif-
ferent types of forcing functions are practically the same.

Composite particles with core-shell structure may be useful in
many applications, such as development of adsorbents, catalysts, cal-
orimetric sensors, optoelectronic devices, and bioprocessing devices
[13-18]. When the inner core is impermeable, the composite is called
an inert-core adsorbent, since this composite was reported to be suit-
able as an adsorbent for stable expansion at high flow rates in ex-
panded-bed. When the inner core is permeable, the composite is
called a core-shell composite as it is. In previous works [19-21] we
presented exact analytical solutions for the step and the frequency
responses of a constant molar flow semi-batch adsorption vessel
containing particles with core-shell structure.

An outstanding advantage of the FR technique is its ability to

discriminate between various mass transfer mechanisms by exam-
ining the response over a large frequency spectrum [5,22]. In addi-
tion, the FR technique allows for the determination of system char-
acteristics (such as the amplitude and the phase angle of FR) over
much smaller changes in the system conditions than are typically
used for the step response technique.

The aim of this work is to extend the step response analysis of
the previous work [21] for the constant molar flow semi-batch ad-
sorption vessel containing permeable core-shell composites to inves-
tigate FR characteristics of the system subject to a periodic modu-
lation of inlet molar flow-rate. The model to be developed will in-
clude both the equilibrium interferences (at the fluid-particle inter-
face and at the intraparticle core-shell interface) and the diffusion
interferences (in the external film, in the outer shell-phase and in
the inner core-phase). Responses for cases of impermeable core-
shell composites (i.e., inert-core adsorbents) and homogeneous par-
ticles can be obtained by taking appropriate limits.

SYSTEM DESCRIPTION

1. Mass Balance
With linear adsorption equilibriums at the outer surface of the

composite and at the intraparticle core-shell interface, modeling of
the constant molar flow semi-batch adsorption vessel containing per-
meable core-shell composites gives rise to the following mass bal-
ance equations in dimensionless form, with dimensionless variables
and parameters defined in Table 1 [21]:

Mass Balance in Inner Permeable Core-Phase:

(0≤x≤xC) (1a)

at τ=0 A1=0 (1b)

at x=0 (1c)

∂A1

∂τ
--------- = a2 ∂2A1

∂x2
---------- + 

2
x
---∂A1

∂x
---------⎝ ⎠

⎛ ⎞

∂A1

∂x
--------- = 0
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Mass Balance in Outer Shell-Phase:

(xC≤x≤1) (2a)

at τ=0 A2=0 (2b)

Mass Balance around Adsorption Vessel:

(3a)

at τ=0 Ab=0 (3b)

where

(3c)

Three Boundary Conditions and Two Linear Equilibrium Rela-
tionships:

(4a)

(4b)

(4c)

(4d)
(4e)

For FR of the semi-batch adsorption vessel with periodical
modulation of inlet molar flow-rate, the forcing function is:

X(τ)=(1+ν sin(ω*τ))U(τ) (5)

where U(τ) is the unit step function.
2. Solution in Laplace Domain

From Eq. (3), the overall transfer function G(s) which relates the
forcing function to the response in Laplace domain is given by

(6)

in terms of the vessel transfer function F(s).
The vessel transfer function is given as follows [21]:

F(s)=F1(s)+F2(s); (7a)

(7b)

(7c)

(7d)

(7e)

(7f)

(7g)

Applying Laplace transform to Eq. (5), we have

(8)

Substituting Eq. (8) into Eq. (6), we obtain the solution for the
sinusoidal response in Laplace domain:

(9)

FREQUENCY RESPONSE

1. Characteristic Function of Frequency Response
We define the IP characteristic function and OP characteristic

function of FR as the real part and the negative of the imaginary
part of vessel transfer function when s→iω*, respectively:

(10)

where

(11a)

(11b)

(11c)

(11d)

(11e)

(11f)

Characteristic functions in Eq. (11) can be obtained by the substitu-
tion of s=iω* into Eq. (7):

(12a)

(12b)

∂A2

∂τ
--------- = 

∂2A2

∂x2
----------  + 

2
x
---∂A2

∂x
---------

dAb

dτ
--------- + β0

d A〈 〉
dτ

------------ = ΩX τ( ); A〈 〉  = 1− xC
3( ) A2〈 〉  + xC

3 A1〈 〉

A2〈 〉  = 
3

1− xC
3

------------ x2A2dx;
xC

1

∫ A1〈 〉  = 
3
xC

3
----- x2A1dx

0

xC

∫

∂A1

∂x
---------

x=0

 = 0

∂A2

∂x
---------

x=1

= ξ Ab − Ab x=1( )

a2∂A1

∂x
---------

x=xC

 = 
∂A2

∂x
---------

x=xC

A2 x=1= Ab x=1

A1 x=xC
 = K1A2 x=xC

G s( ) Ab

ΩX
--------- = 

1
s 1+ β0F s( )( )
-----------------------------≡

F1 s( ) A1〈 〉
Ab

---------- = 
f21 s( )
f1 s( )
------------;≡ F2 s( ) A2〈 〉

Ab

---------- = 
f22 s( )
f1 s( )
------------;≡

f1 s( ) = 1− 
1
ξ
---⎝ ⎠

⎛ ⎞ s( )sinh  + 
s
ξ

------ s( )cosh

− 1− 
1
ξ
---⎝ ⎠

⎛ ⎞ h s( )cos  + 
s
ξ

------ h s( )sin Q s( )

f21 s( ) = 
3
s
--- a2K1( ) xC s

a
----------- xC s

a
-----------⎝ ⎠
⎛ ⎞coth  −1

xC s( )sinh  − Q s( ) xC s( )cosh[ ]

f22 s( ) = 
3
s
---

s s( )cosh  − s( )sinh( )

     − xC s xC s( ) −cosh  xC s( )sinh( )

     + 
s( )cosh  − s s( )sinh( )

     − xC s( ) −cosh  xC s xC s( )sinh( )
Q s( )

⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

Q s( )  = 
q s( ) xC s( )sinh  − xC s( )sinh  − xC s h xC s( )cos[ ]
q s( ) h xC s( )cos  − h xC s( )cos  − xC s xC s( )sinh[ ]
-----------------------------------------------------------------------------------------------------------------------

q s( ) = a2K1 1− 
xC s

a
----------- xC s

a
-----------⎝ ⎠
⎛ ⎞coth

X = 
1
s
--- + ν 

ω*

s2
 + ω*( )2

---------------------⎝ ⎠
⎛ ⎞

Ab

Ω
------ = 

1
s 1+ β0F s( )( )
----------------------------- 1

s
--- + ν 

ω*

s2
 + ω*( )2

---------------------⎝ ⎠
⎛ ⎞

FR Re F s( )[ ]
s iω*→
lim{ }; F1 Im F s( )[ ]

s iω*→
lim{ }≡≡

FR = R1R + F2R; FI = F1I + F2I

F1R = 
f1Rf21R + f1If21I

f1R
2

 + f1I
2

------------------------------; F1I = 
f1Rf21I − f1If21R

f1R
2

 + f1I
2

------------------------------

F2R = 
f1Rf22R + f1If22I

f1R
2

 + f1I
2

------------------------------; F2I = 
f1Rf22I − f1If22R

f1R
2

 + f1I
2

------------------------------

f1R Re f1 s( )[ ]
s iω*→
lim{ };≡ f1I − Im f1 s( )[ ]

s iω*→
lim{ }≡

f21R Re f21 s( )[ ]
s iω*→
lim{ };≡ f21I − Im f21 s( )[ ]

s iω*→
lim{ }≡

f22R Re f22 s( )[ ]
s iω*→
lim{ };≡ f22I − Im f22 s( )[ ]

s iω*→
lim{ }≡

f1R = 
u
ξ
--- − 1− 

1
ξ
---⎝ ⎠

⎛ ⎞QR ucos  + QR − QI( )uξ
--- usin

⎩ ⎭
⎨ ⎬
⎧ ⎫

ucosh

+ 1− 
1
ξ
---⎝ ⎠

⎛ ⎞  − QR + QI( )uξ
--- ucos  − 

u
ξ
--- + 1− 

1
ξ
---⎝ ⎠

⎛ ⎞QI usin
⎩ ⎭
⎨ ⎬
⎧ ⎫

usinh

f1I = − 
u
ξ
--- + 1− 

1
ξ
---⎝ ⎠

⎛ ⎞QI ucos  − 1− 
1
ξ
---⎝ ⎠

⎛ ⎞
 − QR + QI( )uξ

--- usin
⎩ ⎭
⎨ ⎬
⎧ ⎫

ucosh

+ QR − QI( )uξ
--- ucos  + 1− 

1
ξ
---⎝ ⎠

⎛ ⎞QR − 
u
ξ
--- usin

⎩ ⎭
⎨ ⎬
⎧ ⎫

usinh

Table 1. Definition of dimensionless variables and parameters

Ab = 
Cb

C0
-----; A = 

C
K2C0
-----------; A1= 

C1

K2C0
------------; A2 = 

C2

K2C0
------------; a = D1/D2;

x  = 
r
R
----; xC = 

RC

R
------; β0  = 

K2V
Vb

----------; ξ = 
kfR

K2D2
------------; τ  = 

D2t
R2
-------;

Ω  = 
R2/D2

VbC0/N·
------------------; ω*

 = ω R2

D2
------⎝ ⎠
⎛ ⎞
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(12c)

(12d)

(12e)

(12f)

(12g)

(12h)

(12i)

(12j)

(12k)

2. Frequency Response
Rearranging Eq. (9), we have:

(13a)

(13b)

(13c)

Taking the inverse transform of Eq. (13) by using the method of
residues, we can obtain the sinusoidal response in the time domain.
Then FR can be obtained by taking the limit when τ→∞ as described
below.

First, the step part of FR can be obtained by taking the inverse
transform of Eq. (13b), which is given in the reference [21]; then
we obtain the ultimate response by taking the limit when τ→∞:

(14a)

(14b)

(14c)

(14d)

Second, the sinusoidal part of FR can be also obtained by taking
the inverse transform of Eq. (13c) by using the method of residues;
then we obtain the ultimate response by taking the limit when τ→
∞:

(15a)

(15b)

(15c)

where the first term on the RHS of Eq. (15a) is the residue for the
single pole at s=0, and the second term on the RHS of Eq. (15a) is
the residue for the conjugate complex pole at s2+(ω*)2=0, respec-
tively. AR and PS are the amplitude-ratio and the phase-shift char-
acteristic functions of FR, respectively. Note that the sum of residues
for the infinite number of poles at (1+β0F(s)=0) is dissipated when
τ→∞.

Finally, FR is given by:

(16)

where (Ab/Ω)step,∞ and (Ab/Ω)sine,∞ are given by Eqs. (14) and (15),
respectively.

DISCUSSION

Since the amplitude-ratio and the phase-shift of FR depends only
on IP and OP characteristic functions for a given forcing function,
as seen in Eq. (15), we shall discuss FR behavior by examining their
characteristic functions below.
1. Low-frequency and High-frequency Values of Characteristic
Functions

Expanding characteristic functions defined by Eq. (12) in power
series of ω* and taking the limit when ω*→0, we can obtain the
low frequency limiting values:

f22R = 
3

2u2
-------

u − QI( ) ucos  − 1+ QR + QI( )u( ) usin[ ] ucosh
   − QR − QI( )u ucos  − u + QR( ) usin[ ] usinh

   
+ QI − xCu( ) xCcos u[  

+ 1+ QR + QI( )xCu( ) xCusin ] xCucosh
   + QR − QI( )xCu xCcos u[
   − QR + xCu( ) xCusin ] xCusinh⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

f22I = 
3

2u2
-------

QR + u( ) ucos  + QR − QI( )u usin[ ] ucosh
   − 1+ QR + QI( )u( ) ucos  − QI − u( ) usin[ ] usinh

   
− QR + xCu( ) xCcos u[  

+ QR − QI( )xCu xCusin ] xCucosh
   + 1+ QR + QI( )xCu( ) xCcos u[
   − QI − xCu( ) xCusin ] xCusinh⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

f21R = 
3

2u2
-------

qRQI − qIQR( ) xCcos u − qR xCsin u[ ] xCucosh
   + qI xCcos u  + qRQR + qIQI( ) xCsin u[ ] xCusinh⎩ ⎭
⎨ ⎬
⎧ ⎫

f21I = 
3

2u2
-------

qRQR + qIQI( ) xCcos u − qI xCsin u[ ] xCucosh
   − qR xCcos u  + qRQI − qIQR( ) xCsin u[ ] xCusinh⎩ ⎭
⎨ ⎬
⎧ ⎫

QR Re Q s( )[ ]
s iω*→
lim{ }≡

= 

2xCu qR −1( ) − qI[ ] 2xCu( )cosh

+ qR −1( )2
 + qI

2
 + 2xC

2 u2[ ] 2xCu( )sinh

qR −1( )2
 + qI

2
 − 2xC

2 u2[ ] 2xCu( )cos
− 2xCu qR −1( ) + qI[ ] 2xCu( )sin

+ qR −1( )2
 + qI

2
 + 2xC

2 u2[ ] h 2xCu( )cos
+ 2xCu qR −1( ) − qI[ ] 2xCu( )sinh⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫
-----------------------------------------------------------------------------------------

QI − Im Q s( )[ ]
s iω*→
lim{ }≡

= 

− 2xCu qR −1( ) + qI[ ] 2xCu( )cos

− qR −1( )2
 + qI

2
 − 2xC

2 u2[ ] 2xCu( )sin

qR −1( )2
 + qI

2
 − 2xC

2 u2[ ] 2xCu( )cos
− 2xCu qR −1( ) + qI[ ] 2xCu( )sin

+ qR −1( )2
 + qI

2
 + 2xC

2 u2[ ] h 2xCu( )cos
+ 2xCu qR −1( ) − qI[ ] 2xCu( )sinh⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫
-----------------------------------------------------------------------------------------

qR Re q s( )[ ]
s iω*→
lim{ }≡

= a2K1 1+ 
xCu
a

--------⎝ ⎠
⎛ ⎞ 2xCu/a( )sin  + 2xCu/a( )sinh

2xCu/a( )cos  − 2xCu/a( )cosh
-----------------------------------------------------------------

qI − Im q s( )[ ]
s iω*→
lim{ }≡

= a2K1
xCu
a

--------⎝ ⎠
⎛ ⎞ 2xCu/a( )sin  − 2xCu/a( )sinh

2xCu/a( )cos  − 2xCu/a( )cosh
-----------------------------------------------------------------

u = ω*/2

Ab

Ω
------ = 

Ab

Ω
------⎝ ⎠
⎛ ⎞

step
 + 

Ab

Ω
------⎝ ⎠
⎛ ⎞

sine

Ab

Ω
------⎝ ⎠
⎛ ⎞

step
 = 

1
s2 1+ β0F s( )[ ]
-------------------------------

Ab

Ω
------⎝ ⎠
⎛ ⎞

sine
 = νω*( ) 1

s s2
 + ω*( )2( ) 1+ β0F s( )[ ]

-------------------------------------------------------

Ab

Ω
------⎝ ⎠
⎛ ⎞

step ∞,

 = δ0τ + β0 1+ K1−1( )xC
3[ ]δ 0

2 δf + δa( )

δ0  = 
1

1+ β0 1+ K1−1( )xC
3[ ]

----------------------------------------------

δf = 
1

3ξ
------ 1+ K1−1( )xC

3[ ]

δa = 
1
15
------ 1+ 

4 K1−1( ) xC
3

 − xC
5( )+5 K1−1( )2 xC

5
 −xC

6( )+ 
1− a2

a2
-----------⎝ ⎠
⎛ ⎞K1xC

5

1+ K1−1( )xC
3

----------------------------------------------------------------------------------------------------------------------

Ab

Ω
------⎝ ⎠
⎛ ⎞

sine ∞,

 = 
ν

ω* 1+ β0 1+ K1−1( )xC
3( )[ ]

-------------------------------------------------------- + νAR ω*τ + PS( )sin

AR = 
1

ω* β0FI( )2
 + 1+ β0FR( )2

------------------------------------------------------

PS = φ − π2
---; φ = tan−1 β0FI

1+ β0FR
-----------------⎝ ⎠
⎛ ⎞

Ab

Ω
------ = 

Ab

Ω
------⎝ ⎠
⎛ ⎞

step ∞,

 + 
Ab

Ω
------⎝ ⎠
⎛ ⎞

sine ∞,
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Substituting these into Eqs. (10) and (11), we can easily obtain
the low frequency limiting values of IP and OP characteristic func-
tions, and AR and PS characteristic functions:

(17a)

(17b)

(17c)

(17d)

Limiting values of characteristic functions can also be derived
by limits of transfer functions in Laplace domain rather than in fre-
quency domain. By expanding F1(s) and F2(s) in power series of s
and taking the limits when s→0, we can obtain:

(18a)

(18b)

Hence, we have:
(18c)

Eq. (17) can be obtained directly from Eq. (18).
Eq. (17) shows that at low frequencies (ω*→0) the adsorption

dynamics of the system is much faster than the input modulation,
so the equilibrium between the fluid-phase and the particle-phase
is established [9]. The distribution between fluid-phase and shell-
phase is defined by the term 1/(1−β0xC

3) and the distribution between
fluid-phase and core-phase is defined by the term 1/(β0K1xC

3). We
note that the low frequency limiting value of the IP characteristic
function depends only on equilibrium parameters of the system.

In the limit when ω*→0, taking the limit of Eq. (15a) and sub-
stituting Eq. (17d), we can obtain:

(19)

Thus, taking the limit of Eq. (16) and substituting Eq. (19), we
can readily obtain:

(20)

where (Ab/Ω)step,∞ is given by Eq. (14a), which was reported in the
reference [21] as mentioned before. Eqs. (19) and (20) mean that
the sinusoidal part of FR dissipates and FR becomes the ultimate
(i.e., long time) step response in the limit when ω*→0. However,
it is not surprising that the ultimate step response is recovered from
FR in the limit, since the forcing function given by Eq. (5) becomes
unit step function when ω*→0.

For high-frequency limiting values, using the properties of hyper-
bolic function (e.g., tanh(∞)=coth(∞)=1), we can obtain the follow-
ing by term-by-term simplification of transfer functions:

(21)

Hence, we can obtain the high-frequency limiting values of IP
and OP characteristic functions straightforwardly:

(22a)

(22b)

(22c)

(22d)

Eq. (22) shows that at high frequencies (ω*→∞) the input modu-
lations are so fast that no adsorption takes place, and the system
behaves as an empty tank without adsorbent [9].

For a more consistent comparison between simulation results,
later in the simulation section, we define the reduced characteristic
functions based on the low-frequency limiting value of IP charac-
teristic function given by Eq. (17c):

(23a)

(23b)

(23c)

2. Characteristic Function for Inert-core Adsorbent
When K1=0, the inner core of the core-shell composite becomes

impermeable. The core-shell adsorbent with impermeable core is
called the inert-core adsorbent. FR for the case of the inert-core ad-
sorbent is reported in the reference [20].

Taking the limit when K1→0 for characteristic functions defined
in Eqs. (9)-(12), we can obtain the following characteristic functions
for the inert-core adsorbent through a somewhat tedious simplifica-
tion procedure:

(24a)

(24b)

(24c)

(24d)

(24e)

We note that a typographical error in reference [20] is corrected
here in Eq. (24d) (the term sinh[2u(1−xC)] in Eq. (9d) in the refer-
ence is corrected as (−sinh[2u(1−xC)])). As a result of this correc-

f1R/u( )  =1;
ω* 0→
lim f1I/u( ) = −1;

ω* 0→
lim f22R/u( ) =1− xC

3 ;
ω* 0→
lim

f22I/u( ) = −1+ xC
3 ;

ω* 0→
lim f21R/u( ) = K1xC

3 ;
ω* 0→
lim f21I/u( ) = − K1xC

3

ω* 0→
lim

F1R = K1xC
3 ;

ω* 0→
lim F1I = 0

ω* 0→
lim

F2R =1− xC
3 ;

ω* 0→
lim F2I = 0

ω* 0→
lim

FR =1+ K1−1( ) xC
3 ;

ω* 0→
lim FI = 0

ω* 0→
lim

AR = 
1

ω* 1+ β0 1+ K1−1( )xC
3( )[ ]

--------------------------------------------------------; PS = − 
π
2
---

ω* 0→
lim

ω* 0→
lim

F1 s( ) = K1xC
3

s 0→
lim

F2 s( ) =1− xC
3

s 0→
lim

F s( ) = F1 s( ) + F2 s( )[ ] =1+ K1−1( )xC
3

s 0→
lim

s 0→
lim

Ab

Ω
------⎝ ⎠
⎛ ⎞

sine ∞,

 = 
ν

1+ β0 1+ K1−1( )xC
3( )

---------------------------------------------- 1
ω*
----- 1− ω*τ( )cos[ ]
⎩ ⎭
⎨ ⎬
⎧ ⎫

 = 0
ω* 0→
lim

ω* 0→
lim

Ab

Ω
------ = 

Ab

Ω
------⎝ ⎠
⎛ ⎞

step ∞,ω* 0→
lim

F1 s( ) = 0; F2 s( ) = 0; F s( ) = 0
s ∞→
lim

s ∞→
lim

s ∞→
lim

F1R = 0;
ω* ∞→
lim F1I = 0

ω* ∞→
lim

F2R = 0;
ω* ∞→
lim F2I = 0

ω* ∞→
lim

FR = 0;
ω* ∞→
lim FI = 0

ω* ∞→
lim

AR = 
1
ω*
-----;

ω* 0→
lim PS  = − 

π
2
---

ω* 0→
lim

ηR = 
FR

1+ K1−1( )xC
3

-----------------------------; ηI = 
FI

1+ K1−1( )xC
3

-----------------------------;

η1R = 
F1R

1+ K1−1( )xC
3

-----------------------------; η1I = 
F1I

1+ K1−1( )xC
3

-----------------------------;

η2R = 
F2R

1+ K1−1( )xC
3

-----------------------------; η2I = 
F2I

1+ K1−1( )xC
3

-----------------------------;

FR = 
n1d1+ n2d2

d1
2

 + d2
2

-----------------------; FI = 
n1d2 − n2d1

d1
2

 + d2
2

------------------------

n1= 3
2u 1− xC( )[ ] − 2u 1− xC( )[ ]coscosh{ }

   − u 1− xC( ) 2u 1− xC( )[ ] + 2u 1− xC( )[ ]sinsinh{ }

n2  = 3
− 2u2xC 2u 1− xC( )[ ] − 2u 1− xC( )[ ]coscosh{ }
   − u 1− xC( ) 2u 1− xC( )[ ] − 2u 1− xC( )[ ]sinsinh{ }

d1= − 2u3 1
ξ
--- + 1− 

1
ξ
---⎝ ⎠

⎛ ⎞xC − 2u 1− xC( )[ ] + 2u 1− xC( )[ ]sinsinh{ }

+ 
4u4xC

ξ
------------- 2u 1− xC( )[ ] − 2u 1− xC( )[ ]coscosh{ }

d2  = − 2u2 1− 
1
ξ
---⎝ ⎠

⎛ ⎞ cosh 2u 1− xC( )[ ] − cos 2u 1− xC( )[ ]{ }

− 2u3 1
ξ
--- + 1− 

1
ξ
---⎝ ⎠

⎛ ⎞xC 2u 1− xC( )[ ] + 2u 1− xC( )[ ]sinsinh{ }
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tion, the low frequency limiting values of characteristic functions in
the reference [20] have to be replaced by Eq. (17c).
3. Simulation

IP and OP characteristic functions are simulated for the case of
a=1/101.5, ξ=1, xC=0.6 and K1=1. Usually, for a composite with
permeable core, the contact interference at the core-shell interface
is negligible; hence K1 is equal to unity. Whereas for the composite
with impermeable core (i.e., inert-core adsorbent) K1 is equal to zero.
The simulated results for K1=0 and K1=1 are shown together in
Fig. 1 to show the effect of the permeable core-phase. For K1=1, the
OP curve exhibits a bimodal peak and the IP curve exhibits two
plateaus. Each pair of peak and plateau is responsible for each phase
of the composite. According to Eq. (7b), F1(s) and F2(s) are transfer
functions relating fluid-phase concentration to core-phase concen-
tration, and relating fluid-phase concentration to shell-phase concen-
tration, respectively. Hence, under the interaction between the core-
phase and the shell-phase of the composite, both the response of
the core-phase and the response of the shell-phase subject to a peri-
odic modulation of inlet molar flow-rate exhibit their own peaks
on the out-of-phase characteristic curve and their own plateaus on
the in-phase characteristic curve, respectively. One pair of peak and

Fig. 1. Typical characteristic function. K1=1, ξ=1, xC=0.6, a=1/101.5

and ξ=1.
Fig. 3. Effect of external diffusion parameter on characteristic func-

tion. K1=1, xC=0.6 and a=0.1.

Fig. 2. Typical frequency response. ξ=1, xC=0.6, a=1/101.5, β0=0.5,
ν =1 and ω*=1.

Fig. 4. Effect of core radius on characteristic function. K1=1, ξ=
10 and a=0.1.

plateau represents the equilibrium and dynamic characteristics of
core-phase, while another pair of peak and plateau represents the
equilibrium and dynamic characteristics of shell-phase. To separate
the overall characteristic function into the shell and the core charac-
teristic function, which should be required to discriminate between
two phases in the composite, the features of the two phases such as
peaks or plateaus should have comparable magnitudes with differ-
ent frequency spectra. The bimodal form of the OP characteristic
function and two plateaus of the IP characteristic function consti-
tute unusual characteristics of FR for the core-shell composite which
cannot be described by FR for K1=0. Fig. 2 shows FR with the same
values of mass transfer parameters as those used in Fig. 1. Other
parameters for Fig. 2 are β0=0.5, ν=1, ω*=1.

Fig. 3 shows the effect of the external diffusion parameter on the
characteristic function for the case of K1=1, a=0.1 and xC=0.6. The
intersection between the IP and OP characteristic functions is caused
mainly by a surface barrier effect [4]. As can be seen, the cross-
over frequency between the IP and OP characteristic functions in-
creases with increasing ξ. This is because with increasing ξ the ex-
ternal diffusion resistance increases, so the peak of the OP curve and
the plateau of the IP curve for the shell-phase appear in the higher
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frequency region.
Fig. 4 shows the effect of the core radius xC on the characteristic

function for the case of K1=1, a=0.1 and ξ=10. With increasing
xC, the first peak of the OP characteristic function and the second
plateau of the IP characteristic function appear more clearly. This
is because the ratio of the equilibrium capacity of the core-phase to
the equilibrium capacity of the shell-phase (i.e., β0K1xC

3/(1−β0xC
3))

becomes larger with increasing xC.
Fig. 5 shows the effect of the core diffusion parameter a on the

characteristic function for the case of K1=1, xC=0.6 and ξ=10. With
decreasing a, the first peak of the OP characteristic function and
the second plateau of the IP characteristic function appear more clearly.
This is because the diffusion resistance of the core-phase relative to
the diffusion resistance of the shell-phase increases with decreasing
a. Moreover, the diffusion characteristics of the core-phase appears
in the range of lower frequencies with decreasing a. Therefore, ex-
periments should be carried out in the lower frequencies to extract
more reliable values of the core diffusion parameter. In the practi-
cal measurements of adsorption equilibrium and dynamics, one of
the main limitations of the FR technique arises from the limited range
of angular frequencies experimentally obtainable. The range of angu-
lar frequency covered in the reported literature ranges from 1×10−4

rad/s to 60 rad/s, corresponding to the dynamic time-scale range of
about 0.015-1×105 s [5,22]. For example, if the dynamic time scale
is of the order of 102 s, the angular frequency is of the order of 10−3

rad/s for ω*=0.1 [since ω=ω*/(R2/D2)=0.1/1×102=1×10−3]. In this
case we should introduce a sinusoidal forcing function with a period
of about 6,000 s. This kind of measurement would be a somewhat
time-consuming procedure.

As shown in Eq. (17), the low frequency limiting value of the IP
characteristic function of FR depends only on the equilibrium param-
eters of the system. Hence, in the practical adsorption operation,
the low frequency asymptote of the IP characteristic curve can be
utilized to extract the equilibrium parameters. Additional information
is needed to extract the equilibrium parameters K1 and K2 (or β0).
This additional information for the equilibrium parameters could
be obtained from the constant term on the RHS of Eq. (15a), which
gives a constant shift in FR. For the dynamic parameters, other char-
acteristics of the IP and OP characteristic curves (e.g., peak charac-
teristics of OP characteristic curves, decay characteristics of IP char-

acteristic curve, crossover frequency between the two characteris-
tic curves) over a full frequency spectrum could be utilized.

CONCLUSION

Frequency response behavior of the adsorption vessel containing
permeable core-shell composites is theoretically investigated. The low
frequency limiting value of in-phase characteristic function depends
only on equilibrium parameters of the system. OP characteristic func-
tion exhibits bimodal peak and IP characteristic function exhibits
two plateaus. Under the interaction between the core-phase and the
shell-phase of the composite, both the response of the core-phase
and the response of the shell-phase subject to a periodic modula-
tion of inlet molar flow-rate exhibit their own peaks on the out-of-
phase characteristic curve and their own plateaus on the in-phase
characteristic curve, respectively. One pair of peak and plateau rep-
resents the equilibrium and dynamic characteristics of core-phase,
while another pair of peak and plateau represents the equilibrium
and dynamic characteristics of shell-phase. To separate the overall
characteristic function into the shell and the core characteristic func-
tion, which should be required to discriminate between two phases
in the composite, the features of the two phases such as peaks or
plateaus should have comparable magnitudes with different frequency
spectra. With increasing in the core radius xC and decreasing in the
core diffusion parameter a, the contribution of the core-phase on
the characteristic functions becomes larger, so the first peak of the
out-of-phase characteristic curve and the second plateau of the in-
phase characteristic curve appear more clearly. With increasing in the
external diffusion parameter ξ, the crossover frequency between
the in-phase and out-of-phase characteristic curves increases.
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NOMENCLATURE

A, A1, A2, Ab : dimensionless concentration in composite, core-phase,
shell-phase and fluid-phase, respectively, defined in Table 1

AR : amplitude-ratio characteristic function
a : dimensionless core diffusion parameter, defined in Table 1
C : concentration in the particle phase [mol/m3]
C0 : reference concentration, on which dimensionless concen-

tration is based [mol/m3]
Cb : concentration in the fluid phase [mol/m3]
C1, C2: concentration in the core and the shell within particle, respec-

tively [mol/m3]
D1, D2: effective diffusivity in the core and shell, respectively [m2/s]
F(s) : vessel transfer function
G(s) : overall transfer function relating the forcing function to the

response in Laplace domain
K1, K2: dimensionless contact affinity at core-shell interface and

fluid-particle interface, respectively
kf : mass transfer coefficient of external diffusion [m/s]

: molar flow rate of adsorbate into vessel [mol/sec]
PS : phase-shift characteristic function
N·

Fig. 5. Effect of core diffusion parameter on characteristic function.
K1=1, ξ=10 and xC=0.6.



Frequency response analysis of the semi-batch adsorption vessel containing core-shell composites 961

Korean J. Chem. Eng.(Vol. 27, No. 3)

R : radius of adsorbent particle [m]
RC : radius of inert core [m]
r : radius variable of adsorbent particle [m]
t : time variable [s]
V, Vb : volume of total particles including cores and shells and vol-

ume of fluid phase within the vessel, respectively [m3]
x, xC : dimensionless radius variable of composite and core, defined

in Table 1
β0 : dimensionless distribution parameter, defined in Table 1
δR, δI : in-phase and out-of-phase characteristic function
ηR, ηI : reduced in-phase and out-of-phase characteristic function

based on the low-frequency limiting value of in-phase char-
acteristic function

ξ : dimensionless external diffusion parameter, defined in Table 1
ν : relative amplitude of sinusoidal forcing function, defined

in Eq. (5)
τ : dimensionless time variable, defined in Table 1
Ω : dimensionless inlet molar flow-rate, defined in Table 1
ω : angular frequency of sinusoidal forcing function [rad/s]
ω* : dimensionless angular frequency of sinusoidal forcing func-

tion, defined in Table 1
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